1. We compare Monte Carlo results with analytic predictions for the fermion condensate, in the massive oneflavour Schwinger model. 2. We illustrate on the Schwinger model how to facilitate transitions between topological sectors by a simple reweighting method. 3. We discuss exact, non-perturbative improvement of the gauge sector.
FERMION CONDENSATE
In the massless (one-flavour) Schwinger model, the fermion condensate is −ψψ /µ = e γ /2π = 0.283466,
in units of µ = g/ √ π. For non-zero fermion mass m, no exact expression is known, but there are some results from analytical approximations and lattice simulations [1] . No clear agreement has been reached, though.
Here we report on a simulation using the Ralgorithm [2] with staggered fermions, in which extrapolations to zero step-size, to zero lattice spacing and to infinite volume are performed. We focus on two values of m/µ: 0.33 and 1.00. Fig. 1 shows the approach to the continuum limit for a given physical volume: the condensate is plotted against 1/β for a series of simulations on (L/a) × (2L/a) lattices (L/a = 6, 8, . . . , 16), keeping am √ βπ = 0.33 and (L/a)/ √ β = 4 √ 2 fixed. The condensate for the free theory is subtracted (in two different ways, see caption) in order to cancel the IR divergence present in the massive case. A linear extrapolation to the continuum limit, accounting for O(1/β) ∼ O(a 2 ) perturbative scaling violations, works well and is seen to be very important, given the large effect. After additional extrapolations to infinite volume and zero MD step-size, we find for the * Contribution to Lattice '97 by A.J. van der Sijs (arjan@scsc.ethz.ch). ETH-SCSC preprint TR-97-12. (subtracted) condensate:
and similarly for the larger mass:
−ψψ sub /µ = 0.084(3) (m/µ = 1.00).
In fig. 2 these data are compared with a recent analytical result by Hosotani 2 [3] , expected Figure 2 . The fermion condensate in infinite volume, in the continuum limit (squares) compared with the analytical small-m result of Ref. [3] (solid curve). The two asterisks correspond to our reanalysis of data from Ref. [4] .
to hold in the small-m region. For comparison, we have also plotted our reanalysis (i.e., subtraction of the free condensate and subsequent linear extrapolation to 1/β = 0) of data from Ref. [4] for the non-compact model on a 64 × 64 lattice.
SAMPLING TOPOLOGICAL SECTORS AT HIGH β
A correct sampling of the different topological sectors is essential for a correct determination of quantities like the fermionic condensate in the Schwinger model. In the usual importance sampling algorithms, however, transitions between sectors are suppressed by a factor of order exp(2β) in the continuum limit, implying exponential critical slowing down for the topological autocorrelation time.
We propose the following reweighting technique to overcome this problem. We add to the action the quantity
and compensate for this by including a factor exp(β∆S) in the observables. Here x 0 is the site at which the plaquette angle θ µν is closest to π of all the plaquettes in the configuration under consideration. This procedure increases the topological transition rate by strongly enhancing the probability that the plaquette at x 0 goes through π. Note that x 0 may vary from one configuration to the next, but the essential point is that the prescription assigns a unique action to each configuration. It can be shown that this leads to reversible molecular dynamics, ensuring detailed balance. The computational overhead is negligible.
The example in Fig. 3 shows that this method drastically improves sampling of the topological sectors (ergodicity).
The parameters α and θ 0 can be used for optimization. For example, they can be adjusted such that the distribution (histogram) of θ µν (x 0 ) is roughly flat over most of the interval [−π, π]. On large lattices, θ µν (x 0 ) gets closer to π, such that smaller α and θ 0 suffice for the same transition rate, and the bias due to Eq. (4) gets smaller.
This reweighting procedure enhances a local lattice artefact, which acts like a "saddle point" between topological sectors in the lattice formulation; in the continuum theory, these sectors are completely disconnected. This observation may guide a simple generalization to non-abelian gauge theories in 4 dimensions. c(β) for the improvement schemes described in the text (a) and relative deviation of a 2 σ 1 from the value 1/2β (b). For the dash-dotted curve in (b), the horizontal axis is 1/2β eff . for all β (for a given q). Note that a very good result is obtained by simply using the unimproved (c ≡ 0) Wilson action but expressing the results in terms of the effective coupling β eff = β 2(β) suggested by the tadpole scheme.
